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We use Monte Carlo and Molecular Dynamics computer simulations to investigate the percolation
threshold, p,, of d-dimensional Lennard-Jones LJ, and square-well fluids. We find that when the range of
the potential well is small compared to the hard-core diameter (in the so-called ‘hard-core’ limit), an
attractive well decreases p, below the high temperature limiting value. In contrast, a hard shoulder potential
produces the opposite trend. We investigate the structure of the 2D percolating clusters, in particular, the
effects of periodic boundaries. We examine the shapes of the 3D clusters at the percolation threshold,
resolved as a function of the number of particles in a cluster, s. The asphericity parameter, 4;, describing
the instantaneous shape of the cluster decays slowly from unity, typically only achieving ~ 0.3 by s ~ 100,
close to the estimated universal value of 0.312.

We focus espectally on the relationship between long and short range structural order as probed by the
coordination numbers of the molecules. We also use a cluster-resolution of the co-ordination number to
indicate the degree of branching in the clusters, and how it is influenced by the number of atoms in the
cluster and temperature for the different potentials. We look forward to future directions for simulation
in investigating physical properties in the vicinity of the percolation threshold.

KEY WORDS: Percolation, coordination numbers, fluids.

1. INTRODUCTION

Long-range connectivity, or percolation has consequences in many branches of chemi-
cal physics, for example in determining the rheological properties of colloidal disper-
sions [1], the porosity of rocks [2] and the conductivity of random particle assemblies
(3], for example. Some major advances in the area of continuum percolation (where
the ‘connecting’ units are not confined to lattice sites, as in the early pioneering work)
have been made in the 1980’s [4-12]. Continuum percolation is a much more realistic
representation of many physical systems because, as the particles are not confined to
lattice points, the local structure and hence the physical properties derived from it are
modelled more realistically. (Although the same universality of the exponents for
lattice and continuum exponents is expected to hold.) In this looser arrangement, with
variable co-ordination number, pairs of particles are considered to be directly con-
nected if their two centres lie within an arbitrary distance, o,, which need not be
formally related to the range of the pair potential [2].

Our concern here is to focus in more detail on the effect of intermolecular interac-
tions and temperature on the percolation threshold and distributions of coordination
numbers within the clusters. In this study we consider molecules that interact through
continuous and discontinuous pair potentials in both 2D and 3D. In the latter class,
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the model molecules interact here via a square-shaped pair potential with a potential
minimum or shoulder ~ k, T [7]. The particles interact via the square-well or square-
shoulder pair potential,

P(r)y = =, r <o,
= —g, 6 < r < Ao, (1)
= 0, r > /40,
The hard-core diameter of the particles is o. For attractive wells, ¢ = 1, and for
repulsive shoulder particles, e = — 1. We use,
g, = ja, (2

The different regimes of the potential are separated by sharp boundaries in the pair
separation, r. The connectivity distance, ¢, equals the range of the potential-well. We
also consider the Lennard-Jones potential, which changes from repulsive to attractive
continuously as r increases,

P(r) = 4el(a/n)” — (alr)’). €)

We conclude with a discussion of the potential of molecular simulation to deter-
mine the dynamical properties of fluids in the vicinity of the percolation cluster.

2. THEORY

One method of determining clusters is the same as that reported previously [13, 15].
For the square-well potentials, the disks (2D) or spheres (3D) have a central hard core
of diameter, o and an outer shell of diameter, Ao. There is a flat pair potential of
magnitude, &, in the outer annufus. The particles are partially permeable (or ‘soft-
shells’) of diameter 6, = Ag centred on those of the hard-cores. Particles are connect-
ed if their soft-shells overlap. Percolation occurs when a connected cluster spans the
infinite replica system considered in the simulation. As ¢, diminishes, the repulsive
core and attractive outer region of the particle influences the nature of the clusters
formed out of the soft-shelis and thereby affects the percolation characteristics. As
o,/6 — 1 the overlap of the soft-shells becomes strongly influenced by the excluded
volume effects of the impenetrable core. This we term the soft- core to hard- core
transition.

We evaluated the function, P, the fraction of configurations (time steps) generated
by the computer that manifested at least one percolating cluster (PC). The percolation
threshold in the thermodynamic limit (i.e., the number of particles in the simulation
cell, N = o0), p,, is best estimated for finite N when P = 0.5, because it shows the
smallest system-size (i.e., N) dependence. The reason for the ‘pre-percolation’ that
occurs at lower densities, p < p,, for finite periodic systems is explained here.

The distribution of different sized clusters is characterised by the cluster number
distribution function, n,, the time- average number of clusters containing s particles,
N, divided by N i.e., n, = N,/N [5]. At the percolation threshold,

T

n(p,) ~57°, 5 = 0. 4)

For finite periodic systems there is an upper bound on s, i.e., | < s < N, resulting
in distortions from Equation (4) for s — N.
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There is a similar scaling law for the length-scale of a cluster. At least, for the small
clusters generated by molecular simulation, this is no unique definition for this
quantity. One could use the maximum separation of any two particles as a measure
of the length-scale of a cluster. However, it is more usual to use the radius of gyration
as a measure of the length-scale. But even with this quantity there are a number of
slightly inconsistent formulae to be found in the literature. We show below that these
can give noticeably different results for the radius of gyration for small cluster sizes.
We have,

s 1/2
R&’ < Z (Rl - Rcm)z/s > s
l s—1 s 1/2
= < > LR > : )

i i

]

where the centre of mass position, R,,, = Y’R,/s. In the limit of R, - o0,

s—1 s 1/2
< Y Y Ris(s — 1)> i (6)

i j#E

where R, is the vector separation between particles i and j. We have used this latter
expressmn in our earlier reports of continuum percolation [13-15]. At the percolation
threshold, the radius of gyration, R,, provides a route to the fractal dimension, D, of
the non-percolating clusters. The scaling relationship here is R, ~s "ras s - 0.

The pair radial distribution function, g(r) and pair connectedness function, p(r), for
pair separations, r, are probes of the local structure in the whole fluid and within the
clusters, respectively [3]. In 3D,

gr) = n(r)i{dnr* pr). @)

where or is the radial increment for n(r); n(r) is the number of particles found on
average within r — /2 < r < r + dr/2.
If P_ is the fraction of molecules in the percolating cluster, PC, then at p,,

p(r) = n(r) P [(4nr’ por). ®)

where n(r)’ is the number of particles found on average within r — &r/
2 £ r € r + 6r/2 within the same cluster. (All clusters are used for this, not just the
PC).Asr — oo then p(r) — P2 . Therefore, the p(r) look similar to the g(r) but attain
a lower limiting value when the pair separation becomes comparable to the size of the

periodic cell. In the limit, » — o, in 3D we have p(r) ~ ™ In practice, we found
that D, is obtained more accurately from the function,

mr) = |l n(rydr, ©)

which has the limiting value m(r) ~ r” for large r — 0.

We measure the instantaneous shape of the clusters using the method of Bishop and
co-workers [16,17]. The shape of each cluster is determined from the tensor com-
ponents of the radius of gyration. The trace of this is equal to R and the eigenvalues,
A;, are the components of R2 along the principal orthogonal axes.

In dimension, d, the asphencny, Ay, of the cluster is measured by [17),
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d
Y CGy— AP
4, = _ , (10)
RIS

If the cluster is highly symmetric, roughly spherical, then 4, — 0, whereas if it is
rod-shaped, then 4, = 1.

3. SIMULATION DETAILS

The Metropolis MC calculations were performed on cubic unit cells of volume V
containing N = 256 and N = 500 hard-core particles. The simulations were for
typically ~ 8000 attempted moves per particle for N = 256 and for ~ 4000 attempted
moves per particle for N = 500. The maximum displacement distance per particle
was periodically adjusted in order achieve a move acceptance fraction of 0.5. We
employ the following reduced units throughout. i.e., , o for distance, k;T/e — T, and
number density, p = Na’[V.

We also consider the results of Molecular Dynamics MD simulations on 2D
Lennard-Jones fluids [14). In this case the connectivity distance, g, is in LJ units.

4. RESULTS AND DISCUSSION

We find that it is instructive to distinguish those states where the hard-core of the
molecule forms a substantial fraction of the volume of the square-well (the so-called
‘hard-core’ limit) from those states in which the hard-core is insignificant in volume
compared with that of the square-well. In this latter, ‘soft-core’ limit the particles are
effectively interpenetrable.

In the hard-core limit (e.g., 6, < ~ 1.70), in the attractive well fluid phase, the
value of p, decreases with decrease in temperature from T = 10 — 0.5, the range
considered here. The p, manifest a curvature to lower density as 7 decreases. For
example, using 2 = 1.1, p, = 0.55,0.53 and 0.42 for T = 10,4 and 1, respectively.
Towards the soft-core limit, the o, > 2.0 lines increasingly show a p, that shift
towards higher density as temperature decreases. Taking A = 2.5,and T = 10,4,1 we
have p, = 0.039,0.035 and 0.085, respectively. These trends are present in both 2D
and 3D, and were originally observed by Bug et al. for 2D square-wells [13]. As
temperature decreases the attractive square wells cause the network to become more
chain-like in the hard-core limit. Neighbours are attracted within the well-range in
order to reduce the energy of the system. Therefore a lower density of particles is
required to induce percolation at constant, ¢, (i.e., p, decreases). In the soft-core limit
the effect of a decrease in temperature is to cause an enhanced ‘bunching’ of particles
into small clusters leading to a reduction in long-range connectivity and an increase
therefore in p,. In the hard-core limit this bunching cannot occur, as the hard-core
limits the extent of overlap.

The attractive SW and LJ fluids both show this cross-over between ‘bunching’ and
‘chaining’-dominated regimes in percolation behaviour. At the boundary between
these two regimes, at ¢, ~ 2.00, the percolating cluster shows both chaining and
bunching, as revealed in Figure 1 for a 2D LJ fluid. At this value of g, there is



19: 50 14 January 2011

Downl oaded At:

PERCOLATION OF SIMPLE FLUIDS 333

Figure 1  Pictorial illustration of non-percolating and percolating clusters in two-dimensional MD cells for
the LJ fluid at p, = 0.307, T = 0.6, o, = 2.0, N = 450. The large circles mark out the soft-cores of the
molecules. Those dotted are part of the percolating cluster.

consequently a weak dependence of the percolation threshold on temperature. Figure
2 shows that percolation at p below p, can take place in these finite-periodic systems.
The percolating clusters formed generally lie parallel to the sidelengths of the cell, this
forming the shortest distance between a particle and its image (the necessary con-
ditions for percolation of a single cluster). In Figure 3 we show pictures of the fluid
structure in the hard-core limit at three times separated by 1 LJ time unit. These
pictures show the particles that belong to a percolating cluster. These pictures illu-

Figure 2 As for Figure 1, except the state point is at a density which is ~ 15% below p,- p = 0.519,
T=1,4=12,8 = 29.50, where § is the simulation cell sidelength.
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Figure 5 The 4, the components of Rf,, used in Equation (10) along the principal orthogonal axes, for

the state point of Figure 4.
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Figure 6 The cluster number distribution function defined in Equation (4) for the attractive square well
state point, T = 10, p, = 0.739, 2 = 1.05, N' = 256. The measured exponent, p* = 2.18 £ 0.04.

In Figure 4 we show the parameter, A, for representative state points at the
percolation threshold. We note that for the non-percolating clusters 4, decreases from
lats = 2to A; ~ 0.5ats = 5. The overall trend above the statistical fluctuations
reveals that the subsequent decrease 1s slow, i.e., A; =~ 0.3 for s ~ 200, statistically the
same as the universal value for the percolating cluster, 4, = 0.312[16,17]. In Figure
5 we show the corresponding 4, used in Equation (7).

4.0r

06

1 10 100
S

Figure 7 A comparison between Equations (5) (a) and (6) ( x ) for R2 2 (s), the dimensions of the cluster
of s particles at the percolauon threshold (only nonpercolating clusters are considered here.) State point:
T =10,p, = 0739, i = 1.05, N = 256.
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Figure 8 The radial integrated number, m(r) and p(r), from Equations (8) and (9), respectively, as the
insert, for the 3D SQW state point, . = 1.5, p = 0.1733, T = 10, N = 256. D, = 2.55 + 0.08, for both
figures. ’

The cluster number distribution function, r(s) has the exponent, Tt = 2.2 on a 3D
lattice [18]. We find that in the fluid phase, the measured exponent, 7/, is less than this
value in the (high-density) hard-core limit = = 2.05 £ 0.10, see for example the
example given in Figure 6. The value of 7’ decreases to an even smaller value in the
(low density) soft-core limit ~ 1.7 + 0.1. (We use the notation 7’ rather than t here
because 1 is defined as the exponent of n, in the asymptotic limit of N —» ). We

Figure 9 The cluster dependent coordination number per particle, B.(s), for non-percolating clusters, 0,
and percolating cluster a. Attractive square wells are considered. State for the main figure: 7 = 10,
p, = 0.739,4 = 1.05, N = 256. The insert is the soft-core state, T = 10, p, = 0.173,4 = 1.5, N = 256.
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Figure 10 The average number of particles with p directly connected neighbours, N,(p) for the state:
T=10,p, =073, 2=105N =25 (Q)and T = 10.r, = 0.173, 4 = 1.5, N = 256 (a).

believe that the low values to be finite size effects. The periodic boundary conditions
enhance the number of large clusters (before the sharp cut-off at s = N). This is
especially extreme in the soft-core limit as ¢,/L - oc, where L is the length of the
simulation cell. For much larger systems (at present beyond the scope of molecular
simulation) the evaluated 1’ should increase to the universal value, that i1s ¢ — 7.

The non-percolating and percolating clusters formed from non-interacting particles
on a lattice at p, manifest the same fractal dimension, D;. For non-interacting
particles, percolation theory gives D, = d — f/v, where d is the dimension of the
space and f and v are the universal percolation exponents. In 2D, § = 0.139 and
v = 1333 (18], D, = 1.90. Also in 3D, § = 0.4 and v = 0.9 [18], D, = 2.5. The
two-estimates for the size of the cluster, R,, give quite different values for small s. The
rigorous definition of R, from Equation (5) gives a lower value than that from
Equation (6). The usual prescription used from Equation (6) follows the high s slope
more closely at low s values. In Figure 7 we show the R (s) for a high temperature
hard-core attractive square well state. We therefore prove that, for the small system
sizes typically employed in molecular simulation, Equation (6) gives a better estimate
for the fractal dimension of the large clusters. Equation (9) gives a value of 2.7 + 0.1
for D;in 3D, which bearing in mind the small size of the system, is in quite reasonable
agreement with the universal value of 2.5. In 2D we find that D,=19 + 0.1, in
agreement with the universal value of 1.9. Figure 8 presents a typical example of m(r)
leading to an estimate of D.

We make a resolution of the average co-ordination number of the particles within
clusters of size, s, denoted B,(s). This extends the ideas of earlier work on B,, the
average coordination number of all the particles in the system [4,6]. In the high-
temperature soft-core limit, B, = 2.9, and in the hard-core limit, B, = 1.5. Our
results are consistent with these bounds. For example at a state close to the soft-core
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Figure 11 The cluster dependent coordination number per particle, B,(s), for non-percolating clusters,
(main figure) and percolating clusters (insert). Attractive square wells are considered. States considered:
T=10,p,=0553,i=1LIL,N=25(0).T=1p,=0417, 4 = 1.1, N = 256 (a).

limit, p, = 0.0392, T = 10, N = 256, 4 = 2.5 we have B, = 2.55. Similarly, ap-
proaching the hard-core limit, we have for p, = 0.7391, T = 10, N = 256,4 = 1.05
we have B, = 1.61. We further resolve, B, (s), into contributions from nonpercolating
and percolating clusters. A typical example of these functions is presented in Figure
9. One striking feature of B (s) is the wide range of coordination numbers, from s = 2
tos = N, the upper limit of the simulation. The coordination number increases with
s. In the large s limit the nonpercolating and percolating cluster B,(s) tend to the same
value. However, for the small systems and clusters accessed by molecular simulation
we note that as, s, decreases the average coordination number for the percolating
clusters is larger than that of the nonpercolating clusters at the same s. This is because
when an isolated cluster transforms into a percolating cluster by molecular rearrange-
ment, it forms new bonds to ‘itself’ across the periodic boundaries. The average
coordination number then manifests a sudden increase. The difference between, B, (s),
for nonpercolating and percolating clusters increases as s diminishes because the
average number of ‘extra’ bonds per particle formed on percolation becomes a larger
percentage of the whole. We also note that, B.(2) = 1 and there is a slow approach
to the large cluster value. Obviously, B.(s » o) > B,, as the smaller clusters have
a lower cooordination number than the average. We note, for example, that at
p, = 07391, T =10, N =256, A = 1.05 we have B.(s —» oo) = 2.14 and
B. = 16l. Also for, p, = 05527, T =10, N =256, A= 11 we have
B.(s - o) = 2.20and B, = 1.71;andforp, = 0.1733, T = 10, N = 256,41 = 1.5
we have B.(s —» o0) = 2.53 and B, = 2.05.

An alternative representation of the local connectivity of the clusters is to resolve
the number of particles with p bonds to other particles, N, (p) [6]. In contrast to B.(s),
this function shows the extremes of coordination generated during the simulation.
The example of Figure 10 shows the complementary information given by B, and
N.(p). B, gives the average number of bonds to neighbours, whereas N, (p) gives the
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Figure 12 N, (p)forp, = 0.173, T = 10, 2 = 1.5, x,and p, = 0.149], T = 2, 4 = L5, a.

distribution of bonds per particle. The peak in N,(p) occurs at p = 1 and 2 in the
hard-core and soft-core states considered, respectively.

We now consider, for the first time, how attractive interactions affect B.(s) and
N,(p). Figure 11 shows the effect of temperature on B.(s). As temperature decreases
close to the hard-core limit, B.(s — o0) increases from 7 = 10 to T = 1 using

4 = 1.1 we get enhanced ‘chaining’ and a consequent decrease in p, from

(@]
AN
&

.32
5%

0225

a20

010 016 025 040

Figure 13 Test of the scaling relationship, n ~ ¢ *. The viscosities are reduced by the effective hard
sphere diameter and the kinetic energy is scaled out. In the resonably linear regime we find, ¥ = 0.5 £ 0.1.
Key: T =186, x. T =25 aand T = 6.0.0
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0.553 — 0.417. The accompanying B, (s — oo) increase from 2.20 — 2.33, and B,
from 1.71 - 1.85. The N,(p) in Figure 12 also reflects this effect. We note that a
decrease in temperature at this value of 4 enables the fluid to produce a greater
number of large coordinated particles, up to 10.

A percolation transition is an accepted model of the sol/gel transition [19). The
shear viscosity # diverges to a singularity as the ‘distance’ from the percolation
threshold, ¢ = (p — p,)/p, — 0. Additionally, the infinite frequency shear modulus,
G, increases above the gel point. Both # and G,, approach the percolation threshold
as a power law, ~ |¢/*. This change in behaviour on crossing the percolation threshold
1s subject to there being a divergence in the average structural relaxation time at this
density [20]. For simple fluids, where (a) the interactions are much weaker than those
leading to gelation and (b) for continuous potentials there is no clearly dominating
intermolecular pair separation governing the dynamics, which enable us to ascribe a
unique value of o, and hence p, for dynamical behaviour, we encounter a much
weaker transition in dynamical behaviour in dynamical properties at p,. In contrast
to gelation, there is no divergence in the structural relaxation time at p, for the
molecular fluids considered here. In Figure 13 we analyse the LJ shear viscosity data
of [21] to test for this scaling. We map the viscosities of three isotherms onto a single
curve by reducing the viscosity and density by the effective hard-sphere diameter [22]
and scaling out the trivial (low density) kinetic, 7', temperature dependence. In a
previous publication in this series, we established that there is a dramatic change in
these physical properties at an equivalent effective hard-sphere critical volume frac-
tion, ¢, = 0.25 [23]. Figure 13 demonstrates that there is a power law regime. Also
the data from the three isotherms collapse onto the same line. (This latter observation
is perhaps not so surprising as the effectiveness of an equivalent hard-sphere fiuid
reduction of LJ viscosities has already been demonstrated [22].) The exponent we
obtain, & = 0.5 + 0.1 is somewhat lower than a value recently quoted for condensa-
tion polymerisation = 0.8 [19].

4. CONCLUSIONS

In this work we have continued and reviewed our investigations of continuum
percolation of molecular fluids. The percolation threshold of simple fluids in 2 and 3
dimensions shows a strong dependence on the underlying thermodynamic state.
Attractive potentials at long range show a decrease in the value of the percolation
threshold as temperature falls, in all but the most dilute state points. The reverse
behaviour is manifest by repulsive ‘shoulder’ potentials. The coordination numbers of
the clusters are resolved and compared with the system averages. The average co-
ordination number of the clusters increases to a plateau value for clusters greater than
approximately 100 particles in size.

Molecular simulation has proved itself effective in routinely determining the per-
colation thresholds of simple fluids with three digit accuracy. Bearing in mind finite
size effects, we conclude that molecular simulation generates static percolation ex-
ponents that are reasonably close to the universal values. However, for the same
computational effort lattice simulations can model larger systems than molecular
simulation. As finite N effects are the main source of uncertainty in the percolation
exponents, we conclude that the exponents are obtained more effectively using lattice
simulations.
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At present no formal relationship is known between static percolation aspects such
as p,, Dy, 7 etc and the dynamical exponents. Therefore, the characterisation of the
rheology (e.g., dynamic moduli and viscosity) and conductivity of simple fluids (and
closely related colloidal suspensions) in the vicinity of the percolation threshold is a
major challenge for simulation. We argue that for all, except perhaps conductivity, the
lattice approach is a serious oversimplification and could distort the essential physics
of the experimental (continuum) systems. For example, the elastic moduli of springs
on a lattice ignores any time-scale for relaxation and fixes the springs into an
arrangement which could be metastable. Viscosity approaching the sol to gel tran-
sition is an even better example of a property for which it is hard to imagine a lattice
simulation model. These are topics that we perceive as major challenges of Molecular
(and Brownian) Dynamics.
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